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It is shown that the warped black holes geometries discussed recently in 0807.3040 admit an
algebra of asymptotic symmetries isomorphic to the semi-direct product of a Virasoro algebra and
an algebra of currents. The realization of this asymptotic symmetry by canonical charges allows one
to find the central charge of the Virasoro algebra. The right-moving central charge cR =
(5νˆ2+3)l
Gνˆ(νˆ2+3)
is obtained when the Virasoro generators are normalized in order to have a positive zero mode
spectrum for the warped black holes. The current algebra is also shown to be centrally-extended.
There has been recently a lot of activity around the so-
called topologically massive gravity (TMG) theory [19,
20] whose action reads
ITMG =
1
16πG
[∫
M
d3x
√−g(R+ 2
l2
) +
1
µ
ICS
]
. (1)
The gravitational Chern-Simons term ICS is given by
ICS =
1
32πG
∫
M
d3x
√−gελµνΓαλσ
(
∂µΓ
σ
αν +
2
3
ΓσµτΓ
τ
να
)
,
(2)
where G is the Newton’s constant, l is the adS3 curvature
and µ is the Chern-Simons coupling which can be taken
positive without loss of generality.
Any solution of Einstein’s gravity with negative cos-
mological constant is automatically a solution of TMG.
Therefore, adS3 constitutes a candidate for the vacuum
of the theory. The analysis of the asymptotic symme-
try algebra for asymptotically adS3 space-times in the
Brown-Henneaux approach reveals the appearance of two
Virasoro algebras with different central charges in the left
and right sectors [28] (see also [32, 35, 37] ):
cL/R =
3l
2G
(
1± 1
µ l
)
. (3)
For the BTZ black holes [7], whose mass and angular mo-
mentum in TMG are given byMBTZ = M−J/(µl2) and
JBTZ = J −M/µ in terms of their mass M and angular
momentum J in Einstein gravity [3, 24], (3) leads to an
agreement between the macroscopic entropy computed
from the Iyer-Wald-Tachikawa formula [30, 39] and that
obtained by applying the Cardy formula [28, 37]. This
points to an interesting dual CFT description. However,
TMG seems to suffer from some pathologies, and it is not
clear yet how these could be dealt with. For G > 0, in-
deed, the massive excitations about adS3 carry negative
energy [19, 20]. In that case, adS3 is not a stable vacuum.
Flipping the sign of G would allow to cure the problem,
but will in turn yield a negative mass for the BTZ black
holes. This makes sense if there is a superselection rule
forbidding the BTZ solutions [15, 16]. The special case
µ l = 1 raises numerous questions well beyond the scope
of this paper [14, 15, 16, 25, 26, 33, 36, 38].
In this note, we shall focus on generic values for the
Chern-Simons coupling µ and G > 0. In that case, it
has been suggested that the theory could display other
stable backgrounds around which it could be expanded,
named spacelike, timelike or lightlike warped anti-de Sit-
ter spaces [5]. Spacelike warped adS spacetimes admit
the left-broken isometry group U(1)L⊗SL(2,R)R. Inter-
estingly, there exist black hole solutions which can be ob-
tained by performing discrete identifications in this back-
ground (such solutions have appeared in various other
contexts, see references in [5]).
For µ l > 3, the warped adS background is said to
be stretched and the black holes ( discussed already in
[27, 34], see also [2]) are regular. For µ l < 3, instead,
the background is said to be squashed and the quo-
tient yields closed time-like curves. The corresponding
black holes can be identified with the so-called three-
dimensional Go¨del black holes [6]. The latter geome-
tries also represent solutions to Einstein-Maxwell-Chern-
Simons theory [6] and are part of an exact string the-
ory background through a marginal deformation of the
SL(2,R) WZW model supplemented by the appropriate
background fields [18, 23, 29]. On the other hand, the
spacelike stretched black holes are formal solutions of the
same theories, but have to be supported by imaginary
matter fields.
Based on various heuristic arguments, it has been con-
jectured in [5] that TMG defined with suitable “warped
adS” boundary conditions would be dual to a two-
dimensional CFT with central charges given by
cR =
(5νˆ2 + 3)l
Gνˆ(νˆ2 + 3)
, cL =
4νˆl
G(νˆ2 + 3)
(4)
with νˆ = µ l/3. We would like to investigate whether
2these central extensions could be derived from the asymp-
totic symmetry algebra associated with spacelike warped
adS geometries.
ASYMPTOTICALLY CONSERVED CHARGES IN
TOPOLOGICALLY MASSIVE GRAVITY
The conserved charges for linearized TMG around a
fixed anti-de Sitter background were found in [21, 22].
In order to compute charges associated with Killing vec-
tors around warped adS geometries, the more general
expression found in [11] is needed. In that reference, the
conserved charges are computed in the linearized TMG
around an arbitrary background gµν for Killing vectors
ξ. Asymptotic Killing vectors are defined as diffeomor-
phisms which are not gauge transformations, i.e. which
generate non-trivial charges. For asymptotic Killing vec-
tors and if the Killing equations do not fall-off fast enough
close to the boundary, additional contributions may ap-
pear in the asymptotic charges. A more general analysis
is therefore needed.
The conserved charges associated with an asymptotic
Killing vector ξ can be derived following the procedure
outlined in [8, 10]. In that framework, the charge differ-
ences Qξ[g, g¯] between the reference solution g¯ and the
solution of interest g are defined as
Qξ[g; g¯] =
∫ g
g¯
∫
S
√−g kµνξ [δg; g]ǫµνρ dxρ (5)
where the first integration is performed in the phase
space of solutions, S is the sphere at infinity and
kµν [δg, g]ǫµνρdx
ρ is a one-form defined in the linearized
theory. The charges do not depend on the path cho-
sen in the integration if the integrability condition
δ
∮
S
kµνξ [δg; g]ǫµνρ dx
ρ = 0 holds. The crucial property
of these charges is that they represent the Lie algebra of
asymptotic symmetries via a covariant Poisson bracket
up to central charges
{Qξ[g; g¯],Qξ′ [g; g¯]} = Q[ξ,ξ′][g; g¯] +Kξ,ξ′ [g¯]. (6)
Here, [ξ, ξ′] is the Lie bracket and Kξ,ξ′ [g¯] ≡∫
S
kµνξ [Lξ′ g¯; g¯]. More precisely this result holds modulo
a technical assumption (see (4.3) of [10]) which will be
checked for the case at hand.
A similar representation theorem holds [31] for the
charges defined with covariant phase space methods [30].
However, this theorem has not been generalized to our
knowledge to non-diffeomorphic invariant actions like
TMG. The canonical Hamiltonian approach [12, 13] de-
veloped for TMG in [28] is equivalent to our approach as
proven e.g. in [10].
The only quantity to be computed is the conserved
form kµνξ [δg; g] of the linearized TMG theory. From the
uniqueness results [9], it is clear that this charge should
reduce on-shell to the one found in [11] when ξ is a Killing
vector. Denoting δgµν ≡ hµν , we can therefore write [40]
(16πG) kµνξ [δg; g] = (16πG) k
µν
Ein,ξtot
[δg; g]
− 1
µ
√−g ξλ
(
2ǫµνρδ(Gλρ)− ǫµνλδG)
)
− 1
µ
√−g ǫ
µνρ
(
ξρh
λσGσλ +
1
2
h(ξσG
σ
ρ +
1
2
ξρR)
)
+(16πG)Eµν [δg;Lξg], (7)
where ξνtot = ξ
ν + 1
2µ
√−g ǫ
νρσDρξσ, k
µν
Ein,ξ[δg; g] is the
Iyer-Wald expression [30] for general relativity
(16πG)
√−g kµνEin,ξ[δg; g] =
√−g ξµ(Dλhλν −Dλh)
−δ(√−gDµξν)− (µ↔ ν) (8)
where the variation acts only on g and Eµν [δg;Lξg] is an
additional contribution linear in the Killing equation and
its derivatives.
The term Eµν [δg;Lξg] can be obtained as follows. One
defines the on-shell vanishing Noether current Sµξ [g] =
2 δLδgµν ξν = −
√−g
8piG (G
µν +Λgµν + 1µC
µν)ξν associated with
diffeomorphisms. Using several integrations by parts, the
variation of the Noether current can be decomposed as
follows
δSµξ [g] = δgαβ
δL
δgαβ
ξµ
+Wµ[δg;Lξg] +
√−gDνkµνξ [δg; g]. (9)
The left-hand side and the first term on the right-hand
side vanish for solutions g and linearized solutions δg
while the symplectic structure Wµ[δg;Lξg] vanishes for
Killing vectors. The superpotential kµνξ is therefore con-
served under these conditions. The decomposition (9)
is however not unique, even on-shell, as one can freely
add two compensating terms proportional to the Killing
equations to Wµ and
√−gDνkµνξ .
The conserved charge kµνξ [δg; g] of [9, 10] is defined via
a contracting homotopy acting on the Noether current
which provide a definite prescription to perform the de-
composition (9). Roughly, one performs the integrations
by parts without using the Killing equations to simplify
the total derivative
√−gDνkµνξ [δg; g]. It is then an exer-
cise to redo the explicit computation of [11] keeping all
terms in kµνξ [δg; g]. We obtain (7) with
(16πG)Eµν [δg;Lξg] = 1
2
(
hνλLξgλµ − hµλLξgλν
)
+
1
4µ
√−g ǫ
µνρ
(
DλLξgλρ −DρLξg λλ
)
h.(10)
The first term can be recognized as the supplementary
contribution to the Iyer-Wald expression for the con-
served charges in general relativity that should be added
to recover the expression derived in [1, 4, 9].
3ASYMPTOTIC SYMMETRY ALGEBRA OF
SPACELIKE WARPED ANTI-DE SITTER
Let us start with the black hole geometries in the space-
like deformation of anti-de Sitter described in [5],
ds2
l2
= dt2 +
dr2
(νˆ2 + 3)(r − r+)(r − r−) (11)
+(2νˆr −
√
r+r−(νˆ2 + 3))dt dθ +
r
4
{3(νˆ2 − 1)r
+(νˆ2 + 3)(r+ + r−)− 4νˆ
√
r+r−(νˆ2 + 3)}dθ2.
We first observe that the squashed metrics νˆ2 < 1 are
exactly the Go¨del black holes described in [6]
ds2 = dT 2 + (−4GJ
α
+ 8GνR− 2
L2
(1− α2L2)R2)dΦ2
−4αRdTdΦ+ dR
2
4GJ
α − 8GνR+ 2(1+α
2L2)
L2 R
2
(12)
up to a change of coordinates. The relation between the
anti-de Sitter radius L and the Chern-Simons coupling α
of [6] and the TMG parameters (νˆ, l) is given by
νˆ2 =
3α2L2
2 + α2L2
, l2 =
3L2
2 + α2L2
. (13)
A detailed study of the relation between 3d Go¨del ge-
ometries and warped black holes is given in the com-
panion paper [18]. The range of parameters in which
there are closed timelike lines νˆ2 < 1 corresponds to the
range α2l2 < 1 where the metric is solution of Einstein-
Maxwell-Chern Simons theory. In TMG, the solutions
(11) exist also for the streched case νˆ2 ≥ 1 and are well-
behaved because of the lack of closed timelike lines. We
now restrict our analysis to νˆ2 ≥ 1. Since the metric
is continuous in νˆ, we can use the previous results ob-
tained for the asymptotically Go¨del geometries [17]. All
kinematical aspects of this analysis will be valid in the
case νˆ2 ≥ 1 by continuity. We simply have to adapt the
dynamical aspects of the discussion to TMG by consid-
ering a gravitational Chern-Simons interaction in place
of a coupling to the Maxwell-Chern Simons theory.
We consider in this paper only the phase space of black
hole solutions (11). More general phase spaces can be
constructed but our analysis of central charges applies
already in that simplified setting. Following [17], the
spacelike streched black hole geometries can be shown to
admit the following two sets of asymptotic Killing vectors
(n ∈ Z)
ln ≡ (NeinΦ +O(1/R))∂T + (−i nReinΦ +O(R0))∂R
+(einΦ +O(1/R2))∂Φ, (14)
tn ≡ (N ′einΦ +O(1/R))∂T . (15)
All associated charges can be shown to be finite and con-
served in the phase space. The normalizations N and N ′
are solution-dependent factors that are left unfixed by
the asymptotic analysis. They are however constrained
by the fact that the conserved charges should be inte-
grable in the phase space. These asymptotic symmetries
form the algebra
i[lm, ln] = (m− n)lm+n,
i[lm, tn] = −ntm+n, [tm, tn] = 0. (16)
The subset (l−1, l0, l1, t0) form a sl(2,R)⊕R subalgebra.
Let us denote the charges differences between the black
hole metric g and the background g¯ (r+ = r− = 0) by
Ln ≡ Qln [g; g¯], Tn ≡ Qtn [g; g¯].
One can check using the definition of Eµν (10) in that
the technical assumption (4.3) of [10], or more simply, the
sufficient condition (2.7) of [17] is satisfied in the phase
space (11). The term Eµν simply does not contribute to
any charge. Therefore, the charges form a representation
of the asymptotic symmetry algebra. One can then plug
in the algebra (16) into the first term on the right-hand
side of (6) and use the linearity of the charges with re-
spect to the Killing vector to factorize the m,n factors.
The central charge Kξ,ξ′ [g¯] ≡
∫
S k
µν
ξ [Lξ′ g¯; g¯] can be com-
puted by implementing the formula (7) in a Mathematica
code. We find the following centrally extended Virasoro
algebra
i{Lm, Ln} = (m− n)Lm+n + c
12
m(m2 − β¯)δm+n,0,
i{Lm, Tn} = −nTm+n − 3 + νˆ
2
12νˆlG
N¯N¯ ′mδm+n,0,
i{Tm, Tn} = −3 + νˆ
2
12νˆlG
N¯ ′N¯ ′mδm+n,0 (17)
where N¯ and N¯ ′ are normalization factors of the gener-
ators, see (14), on the background, β¯ = (νˆ
2+3)2N¯N¯
l2(5νˆ2+3) , and
c =
(5νˆ2 + 3)l
Gνˆ(νˆ2 + 3)
(18)
is the Virasoro central charge. This central charge is the
value cR conjectured in [5] [41]. We leave open the ques-
tion of whether a Virasoro algebra with central charge
cL =
4νˆl
G(νˆ2+3) and commuting with {Ln}n∈Z can be con-
structed via a Sugawara-type procedure from the current
algebra {Tn}n∈Z.
We will now show that L0 is bounded from below. The
variation of charge between two black hole solutions of
parameters (ν, J) and (ν + δν, J + δJ) is obtained from
δL0 ≡
∫
S k
µν
l0
[δg; g]ǫµνρdx
ρ as
δL0 =
2
3α
(2Gν + αN)δν − 1 + 3α
2L2
3α2L2
δJ. (19)
It turns out that there is a natural ansatz for N . The
black hole solutions admit horizons only under the condi-
tion 2ν2 − 1+α2L2αL2 JG ≥ 0 [6]. Choosing N = 4αL
2
(1+α2L2)Gν
4and integrating in the phase space between (ν = J = 0)
and (ν, J), we obtain
L0 =
1 + 3α2L2
3α(1 + α2L2)
(
2Gν2 − 1 + α
2L2
αL2
J
)
≥ 0 (20)
for regular black holes and G > 0. Remark that exactly
the same anzatz was used in [17], and a non-negative
spectrum for L0 though different from an overall positive
factor was obtained.
We have therefore shown that when the black holes
have a non-negative L0 spectrum, the Virasoro central
charge is also positive [42]. One may want to invert the
sign of the Newton constant as done e.g. in [15, 16].
With G < 0, the central extension of the Ln genera-
tors becomes negative and the regular black holes have a
mass spectrum L0 unbounded from below. In that case,
one can however consider the generators L˜n = −L−n for
which both the central charge and the zero mode L˜0 are
non-negative.
Our result is in favor of the conjecture that spacelike
warped geometries have a regular CFT dual [5] [43]. It
would be interesting to compute the linearized energy
spectrum of perturbations around the spacelike warped
geometries to confirm the stability of the background.
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